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Abst ract - -Four  and five dimensional  Cantor sets axe analysed in relation to two different Fi- 
bonacci series. Connect ions to classical and quantum mechanical  statist ics are outl ined. 
1. INTRODUCTION:  PREL IMINARY REMARKS 
Consider the Fibonacci series F ('~) of Table 1. Every integer in this series is defined as the sum of 
the previous two integers tarting at one. This is actually the simplest possible population gross 
model based on such code. There is no meaning whatsoever in considering a model of this kind 
with less than the sum of the previous two terms. However, we could accelerate the gross of the 
population by adding the previous three integers, for instance, instead of only two. In this case, 
one would then observe that n =/~(n) only at n = 4, while for the original Fibonacci model this 
is only possible for n = 5, as shown in Tables 1 and 2. Should we, on the other hand, increase 
the number of terms to be summed, then we observe that no equality between and ~(n) exists 
at all, except at n : 4. As n is increased to infinity, the ratio ~,(n+l)/p(n) converges towards 
= 1.8392867, rather than the golden mean ¢ = 1.6180339 of the original Fibonacci model. In 
the legend to Table 1, some relevant properties of F (n) and P(n) are explained. 
Table I. F (n+l) = F (n- l)  + F (n) is the original Fibonacci series, while p(n)  is 
defined as Fs (n+l) : Fs (r~-2) -~- ~(n -1)  _~. ~s(n). Note that  while d (n) = F(n+l)/F(n) 
OO 
converges, for n --* c~, to ds : 4> = ½ (v/5 + 1) : 1.6180339 in the case of ~(n) ,  
OO 
we have as = 1.8392867. Note also the F(s n) series, which is used as a model for 
quasi-crystals with its curious five fold symmetry,  have a cycle C -- 5. For n : 
5, n : 10, and n : 15, for instance, we have F (n) : (1) (5), F (n) : (11) (5), and 
F (n) = (122) (5). By contrast,  in the case of p(n) ,  we have a cycle of C = 3 and 
C :4 .  Forn  :4 ,  n : 7, n =8,  n : 12, n : 15, n : 16, we have for instance: 
p(4) = (i) (4), p(7) = (6) (4), Fs (s) = (ii) (4), ]~(12) = (126) (4), p(Is) = (784) (4) 
and p(16) = (1442) (4). 
n 1 2 3 4 5 6 7 8 9 10 15 20 25 
F~ n) 1 1 2 3 5 8 13 21 34 55 610 6665 74225 
~n)  1 1 2 4 7 13 24 44 81 149 3136 66012 1389537 
The author  is indebted to C. F. von Weizsaecker for some helpful remarks. 
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Table 2. Comparison between different generating functions and chain models. Note 
that we need, in theory, seven dimensions at least to get a saturation in the Ruelle- 
Packard reconstruction method in the case of a fully developed turbulence related to 
d(c 5) -- 6.3496. By contrast, we need at least eight dimensions to obtain saturation 
in the case of d (6) If= 7.4707. 
n 
1 1 
2 1.57874 
3 2.519842 
4 4 
5 6.349604 
6 10.079 
7 16 
8 25.3984 
: 
OO 
Iq; 
q=l /~"4  ¢ = ½(v/5+ 1) 
1 
1.61803 
2.61803 
4.2359 
6.853 
11.0894 
17.942 
29.031 
F (n) (chain model of d(n) [.f; "~ F (n) = d (•) 
quasi-crystals) f ---- 1/¢/'g _ ~ Cn- 1 
1 0 
1 1 
2 10 
3 101 
5 10110 
8 10110101 
13 1011010110110 
21 101101011011010110101 
quasi-Periodic system 
1 
1.495348 
2.236067 
3.3437015 
5 
7.470743 
11.18033989 
6.718 
0.723606 
1.17082 
1.894427 
3.065247 
4.959 
8.024922 
12.9845 
21.00994 
Recently, several average backbone sets were determined for a Cantor  d iscretum [1], which 
util izes some ideas advanced init ial ly by Menger for a space-t ime geometry defined in a stat ist ical  
manner  [2]. The present paper  is intended to show how these expressions can be appl ied to 
semiconduct ing quasi-crystals [3] and to point out the role played by the dimensional i ty n -- 4 
and n = 5. In part icular,  we consider here a class of problems which are modeled using a 
F ibonacci  sequence. It is conjectured that  they are characterized by a universal exponent  ds  -- 
ds = d (2) ~ 1.5 and a spacing 1/ds  = d~ °) ~- dl = 0.6666 for the probabi l i ty  density of its 
Cantor ian energy spectra. In turn, these characterist ics will be l inked to the propert ies of five 
dimensional  ergodic sets and the associated Fermi statistics. The result of the analysis, which is 
quite independent  of the detai ls of the model, i l lustrates the crucial role played by d imensional i ty  
and Cantor  structure in many fundamental  physical problems considered in recent t imes [3-5]. 
2. SEMICONDUCTORS AND CANTORIAN SPECTRA 
To explain the idea behind the present work let us go back to the n - F (n) bijection of the 
well known Fibonacci  series F (n) and the corresponding b inary sequence Fb (n), shown in Table 2. 
Also in Table 2, we give the Hausdorff  dimension found previously using the bi jection formula 
[1,4,5] 
evaluated for d (°) = q = 1/~/-4 -- 0.6299605. This is a dimension which may be close to the 
average internal  distance (spacing) of a tr iadic Cantor set I [1,4-7]. Furthermore,  let us remind 
ourself that  the state for which the Menger-Urysohn dimension dM ~ n becomes equal to d (n) 
was termed ergodic cr it ical i ty in [1,5]. There, it was also conjectured that  this state resembles 
physical ly a sort of global diffusion [4-7]. 
A just i f icat ion for all preceding points have been considered in detai l  elsewhere [1,4-7]. What  
we want to point out in this paper is that ,  in case of the n - F bijection, the state given by 
F (n) = 5 may play a similar role to that  of d(c 4) -- 4. Now, if this is correct, and we will 
demonstrate  later on that  it is correct, then we could use the analysis and expression derived 
1Using a connection between the tower of Hanoi and the Sierpenski gasket, A. Hinz found the exact value for the 
average internal distance for the gasket o be 466/885--0.526553672 
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Next, we like to enforce our argument regarding F (5) = 5 using statistical mechanics. To 
do this, we recall first that in a previous analysis of the ergodic properties of Cantor sets it 
was pointed out that the results of the bijection formula [9] is qualitatively reproducible using 
statistical mechanics. In particular, the Maxwell-Boltzmann, the Gibbs-Shannon, as well as the 
Bose-Einstein statistics produced the same behaviour like d (n), namely 
d(c n) < n, for n < 4; 
d~ n) > n, for n > 4. 
and 
Nevertheless, we did note in several occasions that the Fermi-Dirac statistic, coupled with our 
counting method does not lead to results consistent with this general conclusion [4,9]. It is, 
therefore, particularly satisfying to note that, what have seemed at the time to be a draw-back 
ties now nicely with our present analysis of quasi-ergodic behaviour of semiconducting quasi- 
crystal; and as we are about to show, the Fermi-Dirac statistic is consistent with a Cantorian 
ergodic set of dM ----- 5 rather than dM = 4. 
3. FERMI  STATISTICS AND "ERGODIC" CRIT ICAL ITY  
We will try to explain how a consistent extension of our counting method [4,9] to particles 
for which Pauli's exclusion principle is valid, such as electrons, would lead to a five-dimensional 
space-time, and even to the conclusion that 5 electrons is the maximum number for which any 
notion of determinism is even in principle possible. We start, as in previous works [4,9], by 
unfolding and partitioning the phase space (see Appendix). However, in this case, using the 
Fermi-Dirac statistic where the number of macro states (complexion) is given by 
N~ 
W~- 
n! (N - n)!' 
we will not set n = N but will have N _> n, where N is the number of lattice sites and n the 
number of particles (or dimensions). 
Now, to extend the notion of ergodic criticality in a way consistent with one previous consid- 
eration [4,9], as well as the Fermi-Dirac type of counting presented here, we have to introduce 
two new quantities. First, we introduce the average number of dimensions (m) = (n + N)/2.  
Second, we introduce the effective dimension M = N - n + 1. The last quantity gives, in fact, 
the potential possibility for a particle to interact with vacant cells. The extension of the concept 
of ergodic criticality is now clear. It takes place when In Wi/ ln2  switches from smaller than 
(m), to almost equal or larger than (m) for a fixed n (see Table 4). The corresponding M is the 
dimension for which Cantorian saturation or a critical quasi-ergodic state takes place. Simple 
inspection of Table 4 shows that M is always equal to 5, as anticipated. 
Table 4. Summary of the results for n -- 1 to n -- 8 using a Fermi-Dirac counting 
method. 
n (rn) M Wi 
1 3 5 5 2.32 
2 4 5 15 3.906 
3 5 5 35 5.129 
4 6 5 70 6.129 
5 7 5 126 6.977 
6 8 5 210 7.7142 
7 9 5 330 8.3663 
8 10 5 495 8.9512 
l nWi / ln2  lnWi 
1.609 
2.708 
3.55 
4.248 < M ---- 5 
4.83~_ M----5 
5.347 > M = 5 
5.79909 M 
6.20455 
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4. AVERAGE HAUSDORFF  D IMENSION OF A 
CANTOR POINT  SET "D ISCRETUM"  
In what follows, we seek to devise an averaging procedure which will demonstrate the role 
played by four and five dimensional Cantor discreta. We start by averaging the multiplier d8 of 
all ergodic states, using 
d~ = ~-~fn, n = 1,2 . . . .  , 
which follows directly from the bijection formula. Let us start by taking the geometrical mean. 
Consequently, we find 
f 
1 × 7112[ ~-1. = ds = '~/i, n = 1, 2, . . . .  
It is easily shown that the maximum is given by 
d, = -- 2 ~ ~ --- 1.531331872. 
max max 
However, rather than basing our calculation on this maximum value, we will use the current d8 
to construct an analogous bijection formula: 
• 1 
Evaluating it for n -- 1, 2 , . . . ,  one finds 
/~(3) = (1) (vf2) (~/~ = 2.13982638, 
~9(a)=(1)(v/2) (~3) (~)  :3.2767843<n=4, 
/~i 5) ~ 4.99403 ~ 5, 5 (6) ~ 7.531707 > 6. 
This result shows how a geometrical veraging leads, in a completely abstract and model indepen- 
dent way to the conclusion that/~(5) = n = 5 is a critical state in the sense of being space filling. 
Next, we proceed in a very similar way, however we average the ergodic states arithmetically. 
Consequently, one finds [5] 
1 + 1[~ 1 _~,-~] 
; n 
Again, it is easily shown that the maximum value is given by 
(+) ) ds =~ l+2+v~+~f4  =1.579862965. 
max 
This conclusion agrees with our previous result of [1,4]. However, we proceed here along the 
+ 
direction of constructing a bijection formula using the current ds. In this way, one finds 
1 )] b(:) = ~ds  = 1 ° -~ ; 
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evaluating this formula one finds 
5 (1) ~-~ 1, 5 (2) ---~ (1)(1.5) -~- 1.5, 
5 (3) = (1.5)(1.577350269) = 2.366025404 < --  3, 
~)(a) = (2.366025404)(1.579862965) = 3.73799591, 
~)~5) = 5.84233 > n = 5. 
Now ~)(a) is not very close to n = 4, nevertheless the co-dimension changes its sign when we pass 
n = 4. This gives us sufficient justification in considering ~)(4) and n = 4 to be a critical state. 
Finally, let us derive the average Hausdorff dimension (d) = 4, once more using statistical 
considerations, virtual ly start ing from almost no assumption at all, except that  we do have n 
dimensions. Let us work out our method explicitly for n = 4. Then, we have n = 1, n = 2, n = 3, 
and n = 4. The sum of all dimensions is thus ~ n = 1 +2+3+4 = 10. The weighted probabil it ies 
are given then, by n/~,  n, as 0.1, 0.2, 0.3, and 0.4 for the ergodic limit of each space. That  
means for 1, 2, 3, and 4, respectively. Consequently, the statistical average of the backbone 
of this Borel-like set is given simply as the same of the multipl ication of each n/~,  n by it 's 
respective inverse value of the ergodic limit. In other words, we have 
c,a/ TM (1) (0.1) + (0.5) (0.2) + (0.3) + (0.4) 
0.6251892907. 
The corresponding multiplier is simply the inverse value: 
1 
(ds,4) - / d(O)---- ~ = 1.599515563. 
\ c,41 
Performing the same calculation for n = 2 to n = 6, one finds the following values: 
1, 1.5, 1.607695, 1.5995155, 1.563217381, 1.5223001992,.. . .  
Now, these values can be used as a current ds in our bijection formula, leading to the result given 
in Table 5. 
Table 5. 
dl-) n 
1 1 
2 (1) (1.5) = 1.5 
3 (1.5) (1.607695) ---- 2.4115 < n = 3 
4_ (2.4115) (1.5995155) ---- 3.857299 
5 (3.857299) (1.563217381) ---- 6.2957 > n = 5 
6 (6.2957) (1.523001992) ---- 9.58836 
The result for d (4) = 3.8957299 is slightly better than the previous one, d (4) = 3.73799591, and 
the main conclusions remain valid. 
5.  CONCLUSIONS 
It seems that  there are two fundamental  types of quasi-ergodic Cantor sets, the first is an even 
four dimensional and resembles the behaviour of classical particles and Bosons, while the second is 
an odd five dimensional and relates to Fermions and the five fold symmetry  of quasi-crystals. The 
philosophy underlining the present analysis is quite unorthodox, since we are taking the process 
as fundamental  while the space-time is considered a mere statistical construction. Similar views 
have been, however, adopted earlier by yon Weizsaecker [10] as well as Finkelstein [11], and 
recently by E1 Naschie [12,13]. 
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APPENDIX  
(A1) Calculation of complexion and Maxwell-Boltzmann entropy for n = 4, following [4,9]. 
(n!) ," N=n=4;  ~n i=n;  
W i = 121[n2! . . .  
i 
W1 ---- 4! ~., ---- 1. 
4 i 
[ 
I I 
I 
I _ __d____  
4! 4! W2 =~ =4.  W3= 2.-T~2.1 =6.  
_ _ _  i . . . . . .  . J  
I 2 I 
1 i i 
4! 4[ W4 : ~ : 12. Ws= if. =24" 
I i t 1 I 1 1 I 1 2 I 1 I I _ __ I  I 
P(n)  5 
w, = ~ w, = • w, = 47, s2)  = In W, = 3.850147; 
i=1 i=1 
the arabic number in each cell gives the number of particles in one cell, W~ is the complexion; 
and P(n) is the number of portion. 
(A2) Calculation of the Gibbs-Shannon entropy of [4,9] for n = 4. 
S : X~ZP]  'n (~)  , 
j i 
N=n=4, j=P(n)=5; 
S~ 4) =1141n4]  =0.  
4 i 
t 
I 
Si4) = ~ ln{  + ¼in4 
= 1.0397207. 
t t ' I 1 i 
S ( ' )  = 2 (¼ In4) + 2 (In 24-) 
= 1.0397207. 
2 
1 1 
Si 4) = 2 [¼ In 24-] 
= 0.693147.  
t } ' I 2 i 
s~+ = 4 [¼ ,,,4] 
= 1.386294. 
1 I 1 
I 1 
1 I 
k=l  
(A3) Calculation of Bose-Einstein entropy of [4,9], for n = 4. 
i10 
I~1 = 1. 
4 i 
I 
I 
I 
L___L  
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W2----5. 
t t ' 
3 t 
I 
1 i 
W4 = 15. W5 = 35. 
1 I 1 
I 
1 1 i 1 
W3--5 .  
. . . . . .  I 
I 
2 i 
Wt = 61, SE = ln61 = 4.11087. 
Note that in [9], we intentionally disregarded W3 as identical to W2 and found Wt = 56 and 
S -- In 56 -- 4.025351691. 
(A4) Calculation of Sz average information entropy of [4,6], for n = 4. 
SI=-~ log2 ~. + log  2 ~ +log2 ~ +1og24! 
1 [0 + log 2 4 + log 2 6 + log 2 12 + log 2 24] 
4 
= 3.18872. 
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